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Abstract
In recent decades, a great variety of researches and applications concerning Bell nonlocality have
been developed with the advent of quantum information science. Providing that Bell nonlocality
can be revealed by the violation of a family of Bell inequalities, finding maximal Bell violation
(MBV) for unknown quantum states becomes an important and inevitable task during Bell exper-
iments. In this paper we introduce a self-guide method to find MBVs for unknown states using a
stochastic gradient ascent algorithm (SGA), by parameterizing the corresponding Bell operators.
For all the investigated systems (2-qubit, 3-qubit and 2-qutrit), this method can ascertain the
MBV accurately within 100 iterations. Moreover, SGA exhibits significant superiority in efficiency,
robustness and versatility compared to other possible methods.
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I. INTRODUCTION
In 1964, Bell proved that the conclusion of quantum theory can not be repeated by any
local theory [1], which led to the concept of Bell nonlocality. With the development of
quantum information theory, Bell nonlocality began to be considered as a potential resource
in information process. As a result, a considerable amount of applications concerning Bell
nonlocality have been discovered in last few decades. For instance, Bell nonlocality can be
exploited to reduce communication complexity [2], establish quantum cryptographic keys [3–
5], generate random number [6] and assess multipartite entanglement [7–10]. Additionally,
measuring Bell nonlocality reveals the presence of entanglement in a device-independent
way, which allows one to characterize an unknown source of quantum states [11–15].
Bell inequalities, which lie in the heart of Bell’s theorem, give us a direct access to
measure Bell correlation between separated systems. In practical experiments, however,
finding maximal violation of certain Bell inequalities (MBV) for unknown states tends to
be difficult. Traditional methods of quantum state characterization are impractical for
systems of more than a few qubits due to exponentially expensive postprocessing and data
storage. In 2016, Batle proved that computing maximal Bell violation is an NP-problem
[16], which means it is hardly possible to find MBV via ergodic method or Monte Carlo
sampling. Another way to address this problem is computing MBV from full tomography
results (CVT) [17–19]. Unfortunately, the scaling and additional postprocessing cost make
standard quantum tomography impractical for large-size quantum states being prepared
today [20, 21]. The reliability of standard quantum tomography for all system sizes is
limited by sensitivity to experimental errors [22, 23].
In this paper, we introduce a self-guide way to find MBVs for unknown states using
an iterative stochastic gradient ascent algorithm (SGA) [24]. Due to its high efficiency and
robustness, this algorithm has been widely applied to fields of engineering [24], optics [25] and
quantum physics. Especially, processes including quantum tomography [26] and quantum
control [27] have been optimized using SGA. In order to indicate the feasibility of the SGA in
searching MBVs for unknown states, we investigate different quantum systems including 2-
qubit, 3-qubit and 2-qutrit systems. For all of these three systems, SGA converges within 100
iterations and the searched MBVs are very close to the true values. In principle, our method
can be generalized to fit systems with arbitrary dimensions and parties. The enhanced
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FIG. 1: The searching process for MBVs of (a) 2-qubit, (b) 3-qubit and (c) 2-qutrit systems when
SGA is applied. For each system, different states (including pure maximally entangled state and
partially mixed state) are studied and the solid lines denote the calculated true values of MBVs.
The searched values of MBVs with certain interations are listed in the inset table on each figure,
together with the calculated true values.
robustness of SGA against statistical noise is further demonstrated by decreasing photon
number used in each iteration. Moreover, we show that SGA is superior to CVT not only
when measurement errors occur, but also in some special cases that the measurement devices
cannot be trusted.
II. ALGORITHM AND DEMONSTRATIONS
Framework of SGA: Bell operators consist of local measurements made by separated
parties that share a quantum state. Since local measurements can be pinned down by
several parameters (for example degree of wave plates in polarized photon scenario), the
expectation value of a Bell operator B for certain state |ψ〉 can be determined by a group
of parameters(denoted by Θ), which has the form
V (Θ) = |〈ψ|B(Θ)|ψ〉|. (1)
Hence the problem of finding MBV becomes a process of maximizing a parametric function.
Since this process is conducted in a high-dimensional space(e.g. 8 dimension for CHSH
inequality as showed later), it is experimentally complicated to be achieved with an ergodic
method. Therefore we introduce the following SGA method [24]. As an iterative method,
we generate an initial parameter Θ0 and the parameter in step k is denoted by Θk. For each
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step, we randomly choose a perturbation of the parameter ∆k, and measure the value of
Bell operator V (Θ + βk∆k) and V (Θ− βk∆k), where βk = [b/(k+ 1)t] controls the gradient
estimation step size. Then the gradient of perturbation ∆k is calculated by
gk =
V (Θk + βk∆k)− V (Θk − βk∆k)
2βk
. (2)
Then the parameter Θk is updated to Θk+1 = Θk + αkgk∆k, where αk = [a/(k + 1)
s]
controls the step size. a, b, t and s are algorithm parameters that can be optimized for
different experimental scheme. The final value of the Bell operator is given by V (ΘN) (i.e.
searched MBV) and the number of iteration N can be chosen to satisfy the experimental
requirement. In the following, we will demonstrate that SGA is applicable for different size
of quantum systems.
2-qubit system: Suppose that Alice and Bob share a 2-qubit system, the nonlocality can
be tested with the CHSH operator [28] written as
BCHSH = A0B0 + A0B1 + A1B0 − A1B1, (3)
where A0, A1, B0 and B1 are local measurement operators for Alice and Bob respectively.
Each operator has eigenvalues(i.e. outcomes)±1. The maximal violation of CHSH inequality
given by quantum theory is 2
√
2 while with the assumption of local theory it can only reach
a maximum of 2. Notice that each local operators introduced in the CHSH inequality can be
determined by two parameters. For example, we consider the common-used decomposition
which gives the form A = ~a · ~σ, where ~σ = (σ1, σ2, σ3) are the Pauli matrices [29, 30]
and ~a(θ, φ) = (sinθcosφ, sinθsinφ, cosθ) is a three-dimensional vector denoted by the polar
coordinate with identical module, giving out two parameters θ and φ.
It is easy to confirm that the CHSH inequality can be determined by 8 parameters,
thus we can set Θ to be an 8-dimensional vector. Setting algorithm parameters to be
a = 0.2, b = 0.2, t = 1 and s = 2, we perform SGA to 3 different 2-qubit target states.
As shown in Fig.1(a), for each target state, within 50 iterations, the searched MBV can be
extremely close to its true value. The SGA method shows significantly high efficiency and
accuracy in searching the MBV for 2-qubit state, we will further show it is likewise adequate
for multi-parties and high-dimensional quantum systems.
3-qubit system: For 3-qubit system, we consider the Mermin inequality [31] expressed by
BMermin = A1B0C0 + A0B1C0 + A0B0C1 − A1B1C1, (4)
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where A,B and C are local operators for three different parties similar to that of CHSH
inequality, and Θ turns to be a 12-dimensional vector. When the target state is maximally
entangled, i.e., a Greenberger-Horne-Zeilinger state, the MBV of Mermin inequality is 4.
To apply our algorithm to Mermin inequality is a similar process. We keep the above
algorithm parameters and choose final iteration number to be N = 80. Fig.1(b) shows
the searching process for MBVs with three different 3-qubit states, and each of the results
complies well with its true value. It is worthy to note that the iteration number to achieve
convergence is only ∼ 1.5 times higher than that for 2-qubit systems. In contrast, the
step number of ergodic method is ∼ md (m is the steps number for one parameter), which
exponentially increases with the number of dimensions d. As a result, the measurement
number for 3-qubit should be ∼ m2 times higher than that of 2-qubit for ergodic method.
2-qutrit system: When facing high-dimensional systems, we have to find different mathe-
matical descriptions to parameterize the Bell inequality. In 2002, Collins et al. [32] developed
an approach to Bell inequalities for arbitrarily d dimensional two-party systems. To specify
the problem, here we consider d = 3, i.e. a 2-qutrit system shared by Alice and Bob. Then
the Bell expression has the form
Bd=3 = + [P (A0 = B0) + P (B0 = A1 + 1) + P (A0 = B1) + P (B1 = A0)]−
[P (A0 = B0 − 1)− P (B0 = A1)− P (A1 = B1 − 1)− P (B1 = A0 − 1)].
(5)
Where A0, A1, B0 and B1 denote the local measurements of Alice and Bob that have three
possible outcomes 0, 1, or 2, while
P (Aa = Bb + k) =
2∑
j=0
P (Aa = j, Bb = j + kmod3) (6)
denote the probabilities of the joint measurements on both sides. The maximal violation
of this inequality provided by quantum physics is 4/(6
√
3 − 9) ≈ 2.873. Seeing that the
outcomes(eigenvalues) of each local operators are fixed, we can certify the operator by pin
down its three orthogonal eigenvectors. For example, if eigenvectors of operator A are
|α〉A, |β〉A and |γ〉A which give eigenvalues 0, 1 and 2 respectively, then A can be written as
A = 0|α〉AA〈α|+ 1|β〉AA〈β|+ 2|γ〉AA〈γ|. (7)
In another word, the local operator can be expressed by a group of orthogonal basis in
three-dimensional Hilbert space. According to algebra theorem, different orthogonal basis
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can be transformed by an unitary matrix. Thus the eigenvectors of A have the form
|α〉A = U |0〉, |β〉A = U |1〉, |γ〉A = U |2〉, (8)
where U is the unitary matrix (UU † = I). Since an arbitrary unitary matrix can be written
as U = eiH , where H is a Hermitian matrix, we can find a corresponding local measurement
operator for each fixed Hermitian matrix H. To construct such matrices, we introduce the
method of three-dimensional Gell-Mann matrices [34]. This group of matrices can denote
the Hermitian matrix H in the form
H =
8∑
i=1
θiλi, (9)
where λi(i = 1 − 8) stand for the Gell-Mann matrices and θi denote arbitrary real param-
eters. Using this expression, we denote a local operator for qutrit system by 8 parameters,
which results in totally 32 parameters to fix the Bell expression. Since the method of Gell-
Mann matrices can be easily generalized to high-dimensional space, the above process to
parameterize the Bell inequalities can be extended to arbitrary high dimensions. As for
2-qutrit system, we iterate SGA to N = 100 for three different states. As shown in Fig.1(c),
the SGA can still converge at a quantity very close to the true value for each state. Despite
of the four-fold increasing in the number of parameters compared to 2-qubit system, the
iteration number to achieve convergence grows only ∼ 2 times.
III. TEST OF ROBUSTNESS
In contrast to theoretical computation, different kinds of errors are inevitable in real-
world experiments. Therefore, it is necessary to prove that our method is robust against
certain level of experiment errors. The most common and distinct errors in the measurement
of polarized photon systems are statistical noise [35] for photon count rate and measurement
imperfection caused by wave-plate uncertainty. The statistical noise can significantly degrade
the measurement precision when the involved photon numbers are ultimately low. Here, in
Fig. 2, we consider an assigned task to search MBV of CHSH inequality for a 2-qubit system
with varying photon pair number used per measurement, denoted as n. The target state is
selected to be the maximally entangled state |ψ〉 = 1√
2
(|01〉 − |10〉) with a true MBV value
of ∼ 2.828. For each value of n, we apply the algorithm with 50 iterations and repeat it
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FIG. 2: Searched MBVs of CHSH inequality for 2-qubit singlet with different numbers of photon
pairs used per measurement (i.e. different level of Poisson noise). Points denote the average of ten
repetitions and the error bar gives the standard deviation. The blue solid line denotes the true
value of MBS to be ≈ 2.828.
ten times independently. The average of MBVs after 50 iterations are shown in Fig. 2 and
we see that the SGA can still converge with a high value of MBV (about 2.76) when n is
reduced to 200.
In general, the statistical noise can be largely suppressed by increasing the photon number
rate or integration time. However, the technical errors are difficult to eliminated in most
cases. For example, the rotating or indication errors of wave-plate always exist in Bell
experiment. As a result, the robustness against technical errors maybe the decisive factor for
the quality of a proposal. In order to test the usability of SGA under certain technical errors,
we construct a model of which the uncertainty of wave-plates is the primary experiment
errors. We engineer this uncertainty by applying random wave-plate errors under a few
deviation levels. Here we still assume the target state to be 2-qubit singlet and both SGA
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FIG. 3: CVT and SGA are applied to the singlet state with same level of experimental errors. The
solid lines show the results of CVT while the dotted lines show the process of SGA. SGA is run
for 60 iterations and CVT is repeated for 60 times. For each level of errors, SGA can outperform
giving a higher MBV as shown in the inset table.
and CVT methods are simulated to compare the robustness. Fig. 3 shows the results of
these two methods in the task of searching the MBVs of CHSH inequality. In order to allow
direct resource comparison, we perform the two methods using an equivalent total number
of photons by running SGA with 60 iterations with unaltered algorithm parameters and
repeating CVT with 60 times. Totally three levels of error are studied and for each of them
SGA can outperform CVT giving a higher MBV and the results are shown in Fig. 3.
IV. WITH UNTRUSTED DEVICES
For all the above analysis, measurement devices are assumed to be perfect. Practically,
however, we often do not have sufficient knowledge of the internal physical structure, or
the used devices cannot be trusted. In this scenario, quantum tomography can not be
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FIG. 4: Simulations of SGA with uncalibrated wave-plates for 2-qubit singlet. The initial estimate
of operators are randomly selected and eventually they can converge at ≈ 2.828 through different
routes. The purple solid line denotes the true value of 2.828 and the searched MBV from five
different initial estimate of operators are shown in the inset table.
implemented thus the CVT is no longer practicable for searching the MBV. However, we
will show that SGA is still tolerant of some special device imperfections, i.e., the used
wave-plates are not correctly, or not even, calibrated. In this case, the starting point of
SGA can not be confirmed hence the current estimate of operators in each iteration are
also uncertain. Yet the content of SGA method only bases on a parametrization of Bell
operators and gradients are computed only by statistical outcomes, without requiring exact
mathematical description of measurement operators. In another word, during the process of
SGA, the updated parameter Θk+1 can be completely determined by the statistical result gk
and former parameter Θk. As a result, SGA can still be feasible when the wave-plates cannot
be trusted. In order to demonstrate this characristics, we randomly choose 5 initial estimate
of operators and run SGA for the 2-qubit singlet with unaltered algorithm parameters. The
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results in Fig. 4 clearly indicate that SGA can be independent of the definite estimate of
operators, and in any case it can converge at a value very close to 2.828 through different
routes within 50 iterations.
V. DISCUSSION AND CONCLUSION
Finding MBV provides an approach to measure Bell nonlocality among seperated par-
ties, which could be essential for certain tasks in quantum information process. However,
traditional methods to find MBV, including ergodic by traversing all the involved operators
and CVT by full state tomography, may not be applicable in many cases. Here, we pro-
pose a self-guide approach utilizing the SGA in Bell experiments. With rigorous analysis,
we demonstrate the exclusive efficiency and robustness of this approach. When utilizing
SGA, for all the studied systems it can converge within 100 iterations. Furthermore, in the
process of searching MBV, SGA does not require data storage, computationally expensive
postprocessing or maximum likelihood estimation of the target state. What is more valu-
able, SGA exhibits fine robustness against statistical noise and measurement errors. With
the identical amount of resources, it can outperform CVT considering technical erros due to
wave-plate uncertainty. Moreover, SGA is still feasible when facing some situations in which
the measurement devices cannot be trusted, i.e. performing quantum tomography becomes
totally impossible. To sum up, SGA is proved to be an efficient and robust method for Bell
experiments where traditional methods have already become impractical.
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